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1. ETL Data
1.1. Extracting S&P500 DATA

Date SP500 Dividend Earnings Consumer Price
Index

Long Interest
Rate

Real
Price

Real
Dividend

Real
Earnings PE10 returns-%-

Monthly

0 1949-12-
01 16.54 1.14 2.32 23.6 2.32 175.10 12.07 24.56 10.53 NaN

1 1950-01-
01 16.88 1.15 2.34 23.5 2.32 179.46 12.23 24.84 10.75 2.055623

2 1950-02-
01 17.21 1.16 2.35 23.5 2.34 182.96 12.33 25.02 10.91 1.954976

3 1950-03-
01 17.35 1.17 2.37 23.6 2.36 183.67 12.39 25.09 10.91 0.813481

4 1950-04-
01 17.84 1.18 2.43 23.6 2.38 188.86 12.49 25.69 11.18 2.824207

Date SP500 Dividend Earnings Consumer Price
Index

Long Interest
Rate

Real
Price

Real
Dividend

Real
Earnings PE10 returns-%-

Monthly

816 2017-12-
01 2664.34 48.93 109.88 246.52 2.40 2700.13 49.59 111.36 32.09 2.727087

817 2018-01-
01 2789.80 49.29 NaN 247.87 2.58 2811.96 49.68 NaN 33.31 4.708858

818 2018-02-
01 2705.16 49.64 NaN 248.99 2.86 2714.34 49.81 NaN 32.12 -3.033909

819 2018-03-
01 2702.77 50.00 NaN 249.55 2.84 2705.82 50.06 NaN 31.99 -0.088350

820 2018-04-
01 2642.19 NaN NaN 249.84 2.80 2642.19 NaN NaN 31.19 -2.241404

DCA monthly amount:  0.001218026796589525 

1.2. B&H - Feature Selection

1.2.1. B&H - Data Transformation

Date SP500 returns-%-Monthly total

0 1949-12-01 16.54 NaN 1

1 1950-01-01 16.88 1.020556 0

2 1950-02-01 17.21 1.019550 0

3 1950-03-01 17.35 1.008135 0

4 1950-04-01 17.84 1.028242 0

... ... ... ... ...

816 2017-12-01 2664.34 1.027271 0

817 2018-01-01 2789.80 1.047089 0

818 2018-02-01 2705.16 0.969661 0

819 2018-03-01 2702.77 0.999117 0

820 2018-04-01 2642.19 0.977586 0

821 rows × 4 columns

1.3. DCA - Feature Selection

1.3.1. DCA - Monthly Yield Interest

0.001218026796589525

1.3.2 DCA - Data Transformation

Date Long Interest Rate SP500_returns-%-Montlhy monthly_rate Invested_spy Invested_yield

0 1949-12-01 2.32 1.000000 1.000000 0 1

1 1950-01-01 2.32 1.020556 1.001933 0 0

2 1950-02-01 2.34 1.019550 1.001950 0 0

3 1950-03-01 2.36 1.008135 1.001967 0 0

4 1950-04-01 2.38 1.028242 1.001983 0 0

... ... ... ... ... ... ...

816 2017-12-01 2.40 1.027271 1.002000 0 0

817 2018-01-01 2.58 1.047089 1.002150 0 0

818 2018-02-01 2.86 0.969661 1.002383 0 0

819 2018-03-01 2.84 0.999117 1.002367 0 0

820 2018-04-01 2.80 0.977586 1.002333 0 0

821 rows × 6 columns

2. Analyzing Simple Returns

2.1. Simple Returns

Date Long Interest
Rate

SP500_returns-%-
Montlhy monthly_rate Invested_spy Invested_yield total DCA_returns DCA_creturns

0 1949-12-
01 2.32 1.000000 1.000000 0.000000 1.000000 1.000000 NaN NaN

1 1950-01-
01 2.32 1.020556 1.001933 0.001243 1.000713 1.001956 1.001956 1.001956

2 1950-02-
01 2.34 1.019550 1.001950 0.002509 1.001444 1.003953 1.001993 1.003953

3 1950-03-
01 2.36 1.008135 1.001967 0.003758 1.002193 1.005951 1.001990 1.005951

4 1950-04-
01 2.38 1.028242 1.001983 0.005116 1.002960 1.008076 1.002113 1.008076

... ... ... ... ... ... ... ... ... ...

816 2017-12-
01 2.40 1.027271 1.002000 25.409313 33.615601 59.024914 1.012725 59.024914

817 2018-01-
01 2.58 1.047089 1.002150 26.607077 33.686653 60.293731 1.021496 60.293731

818 2018-02-
01 2.86 0.969661 1.002383 25.801024 33.765719 59.566743 0.987943 59.566743

819 2018-03-
01 2.84 0.999117 1.002367 25.779446 33.844410 59.623856 1.000959 59.623856

820 2018-04-
01 2.80 0.977586 1.002333 25.202815 33.922160 59.124974 0.991633 59.124974

821 rows × 9 columns

Date SP500 returns-%-Monthly total returns creturns

0 1949-12-01 16.54 NaN 1.000000 NaN 1.000000

1 1950-01-01 16.88 1.020556 1.020556 1.020556 1.020556

2 1950-02-01 17.21 1.019550 1.040508 1.019550 1.040508

3 1950-03-01 17.35 1.008135 1.048972 1.008135 1.048972

4 1950-04-01 17.84 1.028242 1.078597 1.028242 1.078597

... ... ... ... ... ... ...

816 2017-12-01 2664.34 1.027271 161.084643 1.027271 161.084643

817 2018-01-01 2789.80 1.047089 168.669891 1.047089 168.669891

818 2018-02-01 2705.16 0.969661 163.552600 0.969661 163.552600

819 2018-03-01 2702.77 0.999117 163.408102 0.999117 163.408102

820 2018-04-01 2642.19 0.977586 159.745466 0.977586 159.745466

821 rows × 6 columns

2.1.1. Ploting Simple returns

2.1.2. Accumulation returns

2.1.3. Drawdowns

2.2. Performance for a selected time range

2.2.1. Examples

2.3. Simulations for different Time Frames
There are different approachs for this experiment. In this case, It is going to be selected a random date and the range will be from that date
to the next 5 years

2.3.1 Profit Factor

2.3.2 Drawdown

In [1]: #pip install PyPortfolioOpt 

In [2]: import pandas as pd 
import numpy as np 
import yfinance as yf 
import matplotlib.pyplot as plt 
import cufflinks as cf 
from pandas_datareader import data 
from pandas.tseries.frequencies import to_offset 
import mplfinance as mpl 
from matplotlib import pyplot 
import random 
import matplotlib.pyplot as plt 
import seaborn as sns 

In [3]: import sp500_functions 

In [4]: start = "1949-12-01" 
end = "2023-01-01" 

In [5]: net = 1 

In [6]: df = pd.read_csv('sp500_data.csv')  

In [7]: df["Date"] = pd.to_datetime(df["Date"]) 

In [8]: df = df[df["Date"]>=start] 

In [9]: df["returns-%-Monthly"] = 100*((df.SP500/df.SP500.shift(1))-1) 

In [10]: df_simul=df 

In [11]: df.index=range(len(df)) 

In [12]: df.head(5) 

Out[12]:

In [13]: df.tail(5) 

Out[13]:

In [14]: yearly_free_risk = df[["Date","Long Interest Rate"]] 

In [15]: yearly_free_risk["Long Interest Rate"] = yearly_free_risk["Long Interest Rate"]/100 

In [16]: amount = net/len(df) 
print("DCA monthly amount: ",amount) 

In [17]: spy = df[["Date","SP500","returns-%-Monthly"]] 

In [18]: spy["total"]=0 
spy["returns-%-Monthly"] = 1+(df["returns-%-Monthly"]/100) 

In [19]: spy.loc[0,"total"]=1 

In [20]: #spy["returns-%-Monthly"] = 1+(spy["returns-%-Monthly"]/100) 

In [21]: spy 

Out[21]:

In [22]: DCA = df[["Date","Long Interest Rate"]] 
DCA["SP500_returns-%-Montlhy"] = 1+(df["returns-%-Monthly"]/100) 

In [23]: amount = net/len(df) 

In [24]: amount 

Out[24]:

In [25]: DCA["monthly_rate"] = 1 + ((DCA["Long Interest Rate"]/12)/100) 
 
#DCA.drop("Long Interest Rate",axis=1,inplace=True) 
 
 
DCA["SP500_returns-%-Montlhy"] = 1+(df["returns-%-Monthly"]/100) 

In [26]: DCA["Invested_spy"] = 0 
DCA["Invested_yield"] = 0 

In [27]: DCA.loc[0,"Invested_yield"]=net 
DCA.loc[0,"monthly_rate"]=1 
DCA.loc[0,"SP500_returns-%-Montlhy"]=1 

In [28]: DCA 

Out[28]:

In [29]: for i in range(0,len(df)-1): 
     
    #Transfering amount from yield to SP500 
    DCA.loc[i+1,"Invested_yield"] = DCA.loc[i,"Invested_yield"]-amount 
    DCA.loc[i+1,"Invested_spy"] = DCA.loc[i,"Invested_spy"]+amount 
     
    #Returns for next month 
    DCA.loc[i+1,"Invested_yield"] = DCA.loc[i+1,"Invested_yield"] * DCA.loc[i+1,"monthly_rate"]  
     
    DCA.loc[i+1,"Invested_spy"] = DCA.loc[i+1,"Invested_spy"] * DCA.loc[i+1,"SP500_returns-%-Montlhy"] 
     
    spy.loc[i+1,"total"]=spy.loc[i,"total"]*(spy.loc[i+1,"returns-%-Monthly"]) 
     

In [30]: DCA["total"] = DCA["Invested_spy"]+DCA["Invested_yield"] 
DCA["DCA_returns"] = 1 + DCA["total"].pct_change() 
DCA["DCA_creturns"]=DCA["DCA_returns"].cumprod() 

In [31]: spy["returns"] = spy["returns-%-Monthly"] 
spy["creturns"] = spy["total"] 

In [32]: DCA 

Out[32]:

In [33]: spy 

Out[33]:

In [34]: plt.figure(figsize=(15,10)) 
plt.hist(1-spy["returns"], bins=30,color="b",alpha=0.5) 
plt.hist(1-DCA["DCA_returns"], bins=15,color="r",alpha=0.5) 
 
 
plt.xlabel("Simple Monthly Returns", fontsize=16)   
plt.ylabel("Frequency", fontsize=16) 
plt.title("DCA vs B&H For SP500 from "+ start + " to " + end, fontsize = 20) 
labels = ["Returns SP500 mean","Returns DCA mean","SP500 returns","DCA returns"] 
plt.axvline((1-spy["returns"]).mean(), color='b', linestyle='dashed', linewidth=2) 
plt.axvline((1-DCA["DCA_returns"]).mean(), color='r', linestyle='dashed', linewidth=2) 
plt.legend(labels) 
 
 
plt.show() 

In [35]: acc = pd.DataFrame(index=spy.index) 
 
acc["creturns"] = spy["creturns"] 
acc["DCA_creturns"] = DCA["DCA_creturns"] 
acc.index = spy.Date 

In [36]: xticks = acc.index.year[range(0,len(acc),20)].values 

In [37]: acc[["creturns", "DCA_creturns"]].plot(figsize = (15,10), fontsize = 16, title = "Returns DCA vs B&H For SP500 
 
pyplot.yscale('log') 
 
plt.legend(fontsize = 20, loc = "upper left") 
 
#plt.xticks(xticks,rotation = 90) 
 
plt.show() 

In [38]: spy["cummax_BH"] = spy.creturns.cummax() 
DCA["cummax_DCA"] = DCA.DCA_creturns.cummax() 

In [39]: spy["drawndown_BH"] = (spy["cummax_BH"] - spy["creturns"])/spy["cummax_BH"] 
DCA["drawndown_DCA"] = (DCA["cummax_DCA"] - DCA["DCA_creturns"])/DCA["cummax_DCA"] 

In [40]: DD = pd.DataFrame(index=spy.index) 
 
DD["drawndown_BH"] = spy["drawndown_BH"] 
DD["drawndown_DCA"] = DCA["drawndown_DCA"] 
DD.index = spy.Date 

In [41]: DD[["drawndown_BH","drawndown_DCA"]].dropna().plot(figsize = (15, 10), title = "DrawDowns DCA vs B&H For SP500 
plt.rc('legend',fontsize=20) # using a size in points 
plt.show() 

In [42]: #First Example 
start = "1989-01-01" 
end = "2002-01-01" 
sp500_functions.range_performance(df,start,end,net) 

In [43]: #Second Example 
start = "1989-01-01" 
end = "1995-01-01" 
sp500_functions.range_performance(df,start,end,net) 

In [65]: #Third Example 
start = "1998-01-01" 
end = "2004-01-01" 
sp500_functions.range_performance(df,start,end,net) 

In [45]: #Constanst 
n=100 #Number of simulations 
net=1 #Net amount 
years = 1 #Years to run the simulation 

In [46]: perf = sp500_functions.simulations(df_simul,n,net,years) 

In [47]: import matplotlib.pyplot as plt 
import seaborn as sns 

In [48]: PF = perf[["BH_PF","DCA_PF"]] 
for column in PF: 
    plt.figure(figsize=(20,3)) 
    plt.title("Profit Factor of BH vs (DCA+Yield) simulating "+ str(years) + " years for " + str(n) +" simulati
    sns.boxplot(data=PF, x=column) 
    sns.set(font_scale=2) 
    plt.xlim(0, PF.max().max()) 

In [49]: DD = perf[["BH_Average_DD","DCA_Average_DD"]] 
for column in DD: 
        plt.figure(figsize=(20,3)) 
        plt.title("Drawdown of BH vs DCA simulating "+ str(years) + " years for " + str(n) +" simulations.") 
        sns.boxplot(data=DD, x=column) 
        sns.set(font_scale=2) 
        plt.xlim(0, DD.max().max()) 



2.3.3 Maximun Drawdown

3. The Best of Both Worlds: A study of Efficient Portfolios that
mix DCA and buy and hold on S&P500 with treasuries yield.

Date DCA_log_returns

0 1949-12-01 NaN

1 1950-01-01 NaN

2 1950-02-01 0.001991

3 1950-03-01 0.001988

4 1950-04-01 0.002111

... ... ...

816 2017-12-01 0.012644

817 2018-01-01 0.021269

818 2018-02-01 -0.012131

819 2018-03-01 0.000958

820 2018-04-01 -0.008402

821 rows × 2 columns

Date BH_log_returns

0 1949-12-01 NaN

1 1950-01-01 0.020348

2 1950-02-01 0.019361

3 1950-03-01 0.008102

4 1950-04-01 0.027851

... ... ...

816 2017-12-01 0.026906

817 2018-01-01 0.046014

818 2018-02-01 -0.030809

819 2018-03-01 -0.000884

820 2018-04-01 -0.022669

821 rows × 2 columns

Date BH DCA

0 1949-12-01 1.000000 NaN

1 1950-01-01 1.020556 1.001956

2 1950-02-01 1.040508 1.003953

3 1950-03-01 1.048972 1.005951

4 1950-04-01 1.078597 1.008076

... ... ... ...

816 2017-12-01 161.084643 59.024914

817 2018-01-01 168.669891 60.293731

818 2018-02-01 163.552600 59.566743

819 2018-03-01 163.408102 59.623856

820 2018-04-01 159.745466 59.124974

821 rows × 3 columns

3.1. Historical Data

BH_log_returns DCA_log_returns

mean 0.006187 0.004979

std 0.034555 0.009155

mean std

BH_log_returns 0.006187 0.034555

DCA_log_returns 0.004979 0.009155

mean std

BH_log_returns 0.006187 0.034555

DCA_log_returns 0.004979 0.009155

0.009155015836231933

3.2. Last 40 years

3.3. Last 20 years

3.4. Last 10 years

3.5. Last 5 years

4. Conclusion

In [50]: MDD = perf[["BH_MDD","DCA_MDD"]] 
for column in MDD: 
        plt.figure(figsize=(20,3)) 
        plt.title("Maximun Drawdown of BH_MDD vs DCA_MDD simulating "+ str(years) + " years for " + str(n) +" s
        sns.boxplot(data=MDD, x=column) 
        sns.set(font_scale=2) 
        plt.xlim(0, MDD.max().max()) 

In [53]: DCA_log = DCA[["Date"]] 
DCA_log["DCA_log_returns"] = np.log(DCA.DCA_creturns/DCA.DCA_creturns.shift(1)) 
DCA_log 

Out[53]:

In [54]: spy_log = spy[["Date"]] 
spy_log["BH_log_returns"] = np.log(spy.creturns/spy.creturns.shift(1)) 
spy_log 

Out[54]:

In [55]: df_pivot = pd.DataFrame(index=spy.index) 
df_pivot["Date"] = spy["Date"] 
df_pivot["BH"] = spy["creturns"] 
df_pivot["DCA"] = DCA["DCA_creturns"] 
df_pivot 

Out[55]:

In [56]: # ef = EfficientFrontier(mu, S) 
# ef.max_sharpe() 
# weight_arr = ef.weights 
# ef.portfolio_performance(verbose=True); 

In [57]: summary = spy_log.describe().T.loc[:, ["mean", "std"]].T 
summary["DCA_log_returns"] = DCA_log.describe().T.loc[:, ["mean", "std"]].T 

In [58]: summary 

Out[58]:

In [59]: summary = summary.T 
summary 

Out[59]:

In [60]: summary["mean"] = summary["mean"] 
summary["std"] = summary["std"] 

In [61]: summary 

Out[61]:

In [62]: summary["std"].min() 

Out[62]:

In [63]: # function_risk_return(summary) 

In [64]: # markowitz_border(summary) 

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   

In [ ]:   
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   "execution_count": 6,
   "id": "a28ee1fe",
   "metadata": {},
   "outputs": [],
   "source": [
    "df = pd.read_csv('sp500_data.csv') "
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 7,
   "id": "d327d4b8",
   "metadata": {},
   "outputs": [],
   "source": [
    "df[\"Date\"] = pd.to_datetime(df[\"Date\"])"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 8,
   "id": "2df2d84a",
   "metadata": {},
   "outputs": [],
   "source": [
    "df = df[df[\"Date\"]>=start]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 9,
   "id": "4987b86d",
   "metadata": {},
   "outputs": [],
   "source": [
    "df[\"returns-%-Monthly\"] = 100*((df.SP500/df.SP500.shift(1))-1)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 10,
   "id": "513a00b4",
   "metadata": {},
   "outputs": [],
   "source": [
    "df_simul=df"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 11,
   "id": "8e6be1d8",
   "metadata": {},
   "outputs": [],
   "source": [
    "df.index=range(len(df))"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 12,
   "id": "076e9bc5",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>SP500</th>\n",
       "      <th>Dividend</th>\n",
       "      <th>Earnings</th>\n",
       "      <th>Consumer Price Index</th>\n",
       "      <th>Long Interest Rate</th>\n",
       "      <th>Real Price</th>\n",
       "      <th>Real Dividend</th>\n",
       "      <th>Real Earnings</th>\n",
       "      <th>PE10</th>\n",
       "      <th>returns-%-Monthly</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>16.54</td>\n",
       "      <td>1.14</td>\n",
       "      <td>2.32</td>\n",
       "      <td>23.6</td>\n",
       "      <td>2.32</td>\n",
       "      <td>175.10</td>\n",
       "      <td>12.07</td>\n",
       "      <td>24.56</td>\n",
       "      <td>10.53</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>16.88</td>\n",
       "      <td>1.15</td>\n",
       "      <td>2.34</td>\n",
       "      <td>23.5</td>\n",
       "      <td>2.32</td>\n",
       "      <td>179.46</td>\n",
       "      <td>12.23</td>\n",
       "      <td>24.84</td>\n",
       "      <td>10.75</td>\n",
       "      <td>2.055623</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>17.21</td>\n",
       "      <td>1.16</td>\n",
       "      <td>2.35</td>\n",
       "      <td>23.5</td>\n",
       "      <td>2.34</td>\n",
       "      <td>182.96</td>\n",
       "      <td>12.33</td>\n",
       "      <td>25.02</td>\n",
       "      <td>10.91</td>\n",
       "      <td>1.954976</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>17.35</td>\n",
       "      <td>1.17</td>\n",
       "      <td>2.37</td>\n",
       "      <td>23.6</td>\n",
       "      <td>2.36</td>\n",
       "      <td>183.67</td>\n",
       "      <td>12.39</td>\n",
       "      <td>25.09</td>\n",
       "      <td>10.91</td>\n",
       "      <td>0.813481</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>17.84</td>\n",
       "      <td>1.18</td>\n",
       "      <td>2.43</td>\n",
       "      <td>23.6</td>\n",
       "      <td>2.38</td>\n",
       "      <td>188.86</td>\n",
       "      <td>12.49</td>\n",
       "      <td>25.69</td>\n",
       "      <td>11.18</td>\n",
       "      <td>2.824207</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "        Date  SP500  Dividend  Earnings  Consumer Price Index  \\\n",
       "0 1949-12-01  16.54      1.14      2.32                  23.6   \n",
       "1 1950-01-01  16.88      1.15      2.34                  23.5   \n",
       "2 1950-02-01  17.21      1.16      2.35                  23.5   \n",
       "3 1950-03-01  17.35      1.17      2.37                  23.6   \n",
       "4 1950-04-01  17.84      1.18      2.43                  23.6   \n",
       "\n",
       "   Long Interest Rate  Real Price  Real Dividend  Real Earnings   PE10  \\\n",
       "0                2.32      175.10          12.07          24.56  10.53   \n",
       "1                2.32      179.46          12.23          24.84  10.75   \n",
       "2                2.34      182.96          12.33          25.02  10.91   \n",
       "3                2.36      183.67          12.39          25.09  10.91   \n",
       "4                2.38      188.86          12.49          25.69  11.18   \n",
       "\n",
       "   returns-%-Monthly  \n",
       "0                NaN  \n",
       "1           2.055623  \n",
       "2           1.954976  \n",
       "3           0.813481  \n",
       "4           2.824207  "
      ]
     },
     "execution_count": 12,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "df.head(5)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 13,
   "id": "02140d8b",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>SP500</th>\n",
       "      <th>Dividend</th>\n",
       "      <th>Earnings</th>\n",
       "      <th>Consumer Price Index</th>\n",
       "      <th>Long Interest Rate</th>\n",
       "      <th>Real Price</th>\n",
       "      <th>Real Dividend</th>\n",
       "      <th>Real Earnings</th>\n",
       "      <th>PE10</th>\n",
       "      <th>returns-%-Monthly</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>2664.34</td>\n",
       "      <td>48.93</td>\n",
       "      <td>109.88</td>\n",
       "      <td>246.52</td>\n",
       "      <td>2.40</td>\n",
       "      <td>2700.13</td>\n",
       "      <td>49.59</td>\n",
       "      <td>111.36</td>\n",
       "      <td>32.09</td>\n",
       "      <td>2.727087</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>2789.80</td>\n",
       "      <td>49.29</td>\n",
       "      <td>NaN</td>\n",
       "      <td>247.87</td>\n",
       "      <td>2.58</td>\n",
       "      <td>2811.96</td>\n",
       "      <td>49.68</td>\n",
       "      <td>NaN</td>\n",
       "      <td>33.31</td>\n",
       "      <td>4.708858</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>2705.16</td>\n",
       "      <td>49.64</td>\n",
       "      <td>NaN</td>\n",
       "      <td>248.99</td>\n",
       "      <td>2.86</td>\n",
       "      <td>2714.34</td>\n",
       "      <td>49.81</td>\n",
       "      <td>NaN</td>\n",
       "      <td>32.12</td>\n",
       "      <td>-3.033909</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>2702.77</td>\n",
       "      <td>50.00</td>\n",
       "      <td>NaN</td>\n",
       "      <td>249.55</td>\n",
       "      <td>2.84</td>\n",
       "      <td>2705.82</td>\n",
       "      <td>50.06</td>\n",
       "      <td>NaN</td>\n",
       "      <td>31.99</td>\n",
       "      <td>-0.088350</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>2642.19</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>249.84</td>\n",
       "      <td>2.80</td>\n",
       "      <td>2642.19</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "      <td>31.19</td>\n",
       "      <td>-2.241404</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date    SP500  Dividend  Earnings  Consumer Price Index  \\\n",
       "816 2017-12-01  2664.34     48.93    109.88                246.52   \n",
       "817 2018-01-01  2789.80     49.29       NaN                247.87   \n",
       "818 2018-02-01  2705.16     49.64       NaN                248.99   \n",
       "819 2018-03-01  2702.77     50.00       NaN                249.55   \n",
       "820 2018-04-01  2642.19       NaN       NaN                249.84   \n",
       "\n",
       "     Long Interest Rate  Real Price  Real Dividend  Real Earnings   PE10  \\\n",
       "816                2.40     2700.13          49.59         111.36  32.09   \n",
       "817                2.58     2811.96          49.68            NaN  33.31   \n",
       "818                2.86     2714.34          49.81            NaN  32.12   \n",
       "819                2.84     2705.82          50.06            NaN  31.99   \n",
       "820                2.80     2642.19            NaN            NaN  31.19   \n",
       "\n",
       "     returns-%-Monthly  \n",
       "816           2.727087  \n",
       "817           4.708858  \n",
       "818          -3.033909  \n",
       "819          -0.088350  \n",
       "820          -2.241404  "
      ]
     },
     "execution_count": 13,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "df.tail(5)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 14,
   "id": "05802be1",
   "metadata": {},
   "outputs": [],
   "source": [
    "yearly_free_risk = df[[\"Date\",\"Long Interest Rate\"]]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 15,
   "id": "22e01d7c",
   "metadata": {},
   "outputs": [],
   "source": [
    "yearly_free_risk[\"Long Interest Rate\"] = yearly_free_risk[\"Long Interest Rate\"]/100"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 16,
   "id": "52b64791",
   "metadata": {},
   "outputs": [
    {
     "name": "stdout",
     "output_type": "stream",
     "text": [
      "DCA monthly amount:  0.001218026796589525\n"
     ]
    }
   ],
   "source": [
    "amount = net/len(df)\n",
    "print(\"DCA monthly amount: \",amount)"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "0d628571",
   "metadata": {},
   "source": [
    "### 1.2.  B&H - Feature Selection <a class=\"anchor\" id=\"section_1_2\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 17,
   "id": "a40ca4ba",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy = df[[\"Date\",\"SP500\",\"returns-%-Monthly\"]]"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "59855e87",
   "metadata": {},
   "source": [
    "### 1.2.1. B&H - Data Transformation <a class=\"anchor\" id=\"sub_section_1_2_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 18,
   "id": "e12aa38d",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy[\"total\"]=0\n",
    "spy[\"returns-%-Monthly\"] = 1+(df[\"returns-%-Monthly\"]/100)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 19,
   "id": "778cda65",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy.loc[0,\"total\"]=1"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 20,
   "id": "828609c1",
   "metadata": {},
   "outputs": [],
   "source": [
    "#spy[\"returns-%-Monthly\"] = 1+(spy[\"returns-%-Monthly\"]/100)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 21,
   "id": "ddd8a8c8",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>SP500</th>\n",
       "      <th>returns-%-Monthly</th>\n",
       "      <th>total</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>16.54</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>16.88</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>17.21</td>\n",
       "      <td>1.019550</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>17.35</td>\n",
       "      <td>1.008135</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>17.84</td>\n",
       "      <td>1.028242</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>2664.34</td>\n",
       "      <td>1.027271</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>2789.80</td>\n",
       "      <td>1.047089</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>2705.16</td>\n",
       "      <td>0.969661</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>2702.77</td>\n",
       "      <td>0.999117</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>2642.19</td>\n",
       "      <td>0.977586</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 4 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date    SP500  returns-%-Monthly  total\n",
       "0   1949-12-01    16.54                NaN      1\n",
       "1   1950-01-01    16.88           1.020556      0\n",
       "2   1950-02-01    17.21           1.019550      0\n",
       "3   1950-03-01    17.35           1.008135      0\n",
       "4   1950-04-01    17.84           1.028242      0\n",
       "..         ...      ...                ...    ...\n",
       "816 2017-12-01  2664.34           1.027271      0\n",
       "817 2018-01-01  2789.80           1.047089      0\n",
       "818 2018-02-01  2705.16           0.969661      0\n",
       "819 2018-03-01  2702.77           0.999117      0\n",
       "820 2018-04-01  2642.19           0.977586      0\n",
       "\n",
       "[821 rows x 4 columns]"
      ]
     },
     "execution_count": 21,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "spy"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "185e4ea8",
   "metadata": {},
   "source": [
    "\n",
    "### 1.3. DCA  - Feature Selection <a class=\"anchor\" id=\"section_1_3\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 22,
   "id": "b14af0d4",
   "metadata": {},
   "outputs": [],
   "source": [
    "DCA = df[[\"Date\",\"Long Interest Rate\"]]\n",
    "DCA[\"SP500_returns-%-Montlhy\"] = 1+(df[\"returns-%-Monthly\"]/100)"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "72d5d53b",
   "metadata": {},
   "source": [
    "### 1.3.1. DCA - Monthly Yield Interest <a class=\"anchor\" id=\"sub_section_1_3_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 23,
   "id": "09a5ad01",
   "metadata": {},
   "outputs": [],
   "source": [
    "amount = net/len(df)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 24,
   "id": "91bf68d6",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "0.001218026796589525"
      ]
     },
     "execution_count": 24,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "amount"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 25,
   "id": "47627175",
   "metadata": {},
   "outputs": [],
   "source": [
    "DCA[\"monthly_rate\"] = 1 + ((DCA[\"Long Interest Rate\"]/12)/100)\n",
    "\n",
    "#DCA.drop(\"Long Interest Rate\",axis=1,inplace=True)\n",
    "\n",
    "\n",
    "DCA[\"SP500_returns-%-Montlhy\"] = 1+(df[\"returns-%-Monthly\"]/100)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 26,
   "id": "330aab14",
   "metadata": {},
   "outputs": [],
   "source": [
    "DCA[\"Invested_spy\"] = 0\n",
    "DCA[\"Invested_yield\"] = 0"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "d479dadb",
   "metadata": {},
   "source": [
    "### 1.3.2 DCA - Data Transformation <a class=\"anchor\" id=\"sub_section_1_3_2\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 27,
   "id": "380e5dd0",
   "metadata": {},
   "outputs": [],
   "source": [
    "DCA.loc[0,\"Invested_yield\"]=net\n",
    "DCA.loc[0,\"monthly_rate\"]=1\n",
    "DCA.loc[0,\"SP500_returns-%-Montlhy\"]=1"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 28,
   "id": "49f5dc60",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>Long Interest Rate</th>\n",
       "      <th>SP500_returns-%-Montlhy</th>\n",
       "      <th>monthly_rate</th>\n",
       "      <th>Invested_spy</th>\n",
       "      <th>Invested_yield</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>2.32</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>0</td>\n",
       "      <td>1</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>2.32</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.001933</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>2.34</td>\n",
       "      <td>1.019550</td>\n",
       "      <td>1.001950</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>2.36</td>\n",
       "      <td>1.008135</td>\n",
       "      <td>1.001967</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>2.38</td>\n",
       "      <td>1.028242</td>\n",
       "      <td>1.001983</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>2.40</td>\n",
       "      <td>1.027271</td>\n",
       "      <td>1.002000</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>2.58</td>\n",
       "      <td>1.047089</td>\n",
       "      <td>1.002150</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>2.86</td>\n",
       "      <td>0.969661</td>\n",
       "      <td>1.002383</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>2.84</td>\n",
       "      <td>0.999117</td>\n",
       "      <td>1.002367</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>2.80</td>\n",
       "      <td>0.977586</td>\n",
       "      <td>1.002333</td>\n",
       "      <td>0</td>\n",
       "      <td>0</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 6 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date  Long Interest Rate  SP500_returns-%-Montlhy  monthly_rate  \\\n",
       "0   1949-12-01                2.32                 1.000000      1.000000   \n",
       "1   1950-01-01                2.32                 1.020556      1.001933   \n",
       "2   1950-02-01                2.34                 1.019550      1.001950   \n",
       "3   1950-03-01                2.36                 1.008135      1.001967   \n",
       "4   1950-04-01                2.38                 1.028242      1.001983   \n",
       "..         ...                 ...                      ...           ...   \n",
       "816 2017-12-01                2.40                 1.027271      1.002000   \n",
       "817 2018-01-01                2.58                 1.047089      1.002150   \n",
       "818 2018-02-01                2.86                 0.969661      1.002383   \n",
       "819 2018-03-01                2.84                 0.999117      1.002367   \n",
       "820 2018-04-01                2.80                 0.977586      1.002333   \n",
       "\n",
       "     Invested_spy  Invested_yield  \n",
       "0               0               1  \n",
       "1               0               0  \n",
       "2               0               0  \n",
       "3               0               0  \n",
       "4               0               0  \n",
       "..            ...             ...  \n",
       "816             0               0  \n",
       "817             0               0  \n",
       "818             0               0  \n",
       "819             0               0  \n",
       "820             0               0  \n",
       "\n",
       "[821 rows x 6 columns]"
      ]
     },
     "execution_count": 28,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "DCA"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "f57f130c",
   "metadata": {},
   "source": [
    "# 2. Analyzing Simple Returns  <a class=\"anchor\" id=\"Chatper2\"></a>"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "feb5893b",
   "metadata": {},
   "source": [
    "## 2.1. Simple Returns <a class=\"anchor\" id=\"section_2_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 29,
   "id": "b1b6d4ae",
   "metadata": {},
   "outputs": [],
   "source": [
    "for i in range(0,len(df)-1):\n",
    "    \n",
    "    #Transfering amount from yield to SP500\n",
    "    DCA.loc[i+1,\"Invested_yield\"] = DCA.loc[i,\"Invested_yield\"]-amount\n",
    "    DCA.loc[i+1,\"Invested_spy\"] = DCA.loc[i,\"Invested_spy\"]+amount\n",
    "    \n",
    "    #Returns for next month\n",
    "    DCA.loc[i+1,\"Invested_yield\"] = DCA.loc[i+1,\"Invested_yield\"] * DCA.loc[i+1,\"monthly_rate\"] \n",
    "    \n",
    "    DCA.loc[i+1,\"Invested_spy\"] = DCA.loc[i+1,\"Invested_spy\"] * DCA.loc[i+1,\"SP500_returns-%-Montlhy\"]\n",
    "    \n",
    "    spy.loc[i+1,\"total\"]=spy.loc[i,\"total\"]*(spy.loc[i+1,\"returns-%-Monthly\"])\n",
    "    "
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 30,
   "id": "6442c065",
   "metadata": {},
   "outputs": [],
   "source": [
    "DCA[\"total\"] = DCA[\"Invested_spy\"]+DCA[\"Invested_yield\"]\n",
    "DCA[\"DCA_returns\"] = 1 + DCA[\"total\"].pct_change()\n",
    "DCA[\"DCA_creturns\"]=DCA[\"DCA_returns\"].cumprod()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 31,
   "id": "194330b6",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy[\"returns\"] = spy[\"returns-%-Monthly\"]\n",
    "spy[\"creturns\"] = spy[\"total\"]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 32,
   "id": "6332f1a6",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>Long Interest Rate</th>\n",
       "      <th>SP500_returns-%-Montlhy</th>\n",
       "      <th>monthly_rate</th>\n",
       "      <th>Invested_spy</th>\n",
       "      <th>Invested_yield</th>\n",
       "      <th>total</th>\n",
       "      <th>DCA_returns</th>\n",
       "      <th>DCA_creturns</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>2.32</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>0.000000</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>NaN</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>2.32</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.001933</td>\n",
       "      <td>0.001243</td>\n",
       "      <td>1.000713</td>\n",
       "      <td>1.001956</td>\n",
       "      <td>1.001956</td>\n",
       "      <td>1.001956</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>2.34</td>\n",
       "      <td>1.019550</td>\n",
       "      <td>1.001950</td>\n",
       "      <td>0.002509</td>\n",
       "      <td>1.001444</td>\n",
       "      <td>1.003953</td>\n",
       "      <td>1.001993</td>\n",
       "      <td>1.003953</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>2.36</td>\n",
       "      <td>1.008135</td>\n",
       "      <td>1.001967</td>\n",
       "      <td>0.003758</td>\n",
       "      <td>1.002193</td>\n",
       "      <td>1.005951</td>\n",
       "      <td>1.001990</td>\n",
       "      <td>1.005951</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>2.38</td>\n",
       "      <td>1.028242</td>\n",
       "      <td>1.001983</td>\n",
       "      <td>0.005116</td>\n",
       "      <td>1.002960</td>\n",
       "      <td>1.008076</td>\n",
       "      <td>1.002113</td>\n",
       "      <td>1.008076</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>2.40</td>\n",
       "      <td>1.027271</td>\n",
       "      <td>1.002000</td>\n",
       "      <td>25.409313</td>\n",
       "      <td>33.615601</td>\n",
       "      <td>59.024914</td>\n",
       "      <td>1.012725</td>\n",
       "      <td>59.024914</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>2.58</td>\n",
       "      <td>1.047089</td>\n",
       "      <td>1.002150</td>\n",
       "      <td>26.607077</td>\n",
       "      <td>33.686653</td>\n",
       "      <td>60.293731</td>\n",
       "      <td>1.021496</td>\n",
       "      <td>60.293731</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>2.86</td>\n",
       "      <td>0.969661</td>\n",
       "      <td>1.002383</td>\n",
       "      <td>25.801024</td>\n",
       "      <td>33.765719</td>\n",
       "      <td>59.566743</td>\n",
       "      <td>0.987943</td>\n",
       "      <td>59.566743</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>2.84</td>\n",
       "      <td>0.999117</td>\n",
       "      <td>1.002367</td>\n",
       "      <td>25.779446</td>\n",
       "      <td>33.844410</td>\n",
       "      <td>59.623856</td>\n",
       "      <td>1.000959</td>\n",
       "      <td>59.623856</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>2.80</td>\n",
       "      <td>0.977586</td>\n",
       "      <td>1.002333</td>\n",
       "      <td>25.202815</td>\n",
       "      <td>33.922160</td>\n",
       "      <td>59.124974</td>\n",
       "      <td>0.991633</td>\n",
       "      <td>59.124974</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 9 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date  Long Interest Rate  SP500_returns-%-Montlhy  monthly_rate  \\\n",
       "0   1949-12-01                2.32                 1.000000      1.000000   \n",
       "1   1950-01-01                2.32                 1.020556      1.001933   \n",
       "2   1950-02-01                2.34                 1.019550      1.001950   \n",
       "3   1950-03-01                2.36                 1.008135      1.001967   \n",
       "4   1950-04-01                2.38                 1.028242      1.001983   \n",
       "..         ...                 ...                      ...           ...   \n",
       "816 2017-12-01                2.40                 1.027271      1.002000   \n",
       "817 2018-01-01                2.58                 1.047089      1.002150   \n",
       "818 2018-02-01                2.86                 0.969661      1.002383   \n",
       "819 2018-03-01                2.84                 0.999117      1.002367   \n",
       "820 2018-04-01                2.80                 0.977586      1.002333   \n",
       "\n",
       "     Invested_spy  Invested_yield      total  DCA_returns  DCA_creturns  \n",
       "0        0.000000        1.000000   1.000000          NaN           NaN  \n",
       "1        0.001243        1.000713   1.001956     1.001956      1.001956  \n",
       "2        0.002509        1.001444   1.003953     1.001993      1.003953  \n",
       "3        0.003758        1.002193   1.005951     1.001990      1.005951  \n",
       "4        0.005116        1.002960   1.008076     1.002113      1.008076  \n",
       "..            ...             ...        ...          ...           ...  \n",
       "816     25.409313       33.615601  59.024914     1.012725     59.024914  \n",
       "817     26.607077       33.686653  60.293731     1.021496     60.293731  \n",
       "818     25.801024       33.765719  59.566743     0.987943     59.566743  \n",
       "819     25.779446       33.844410  59.623856     1.000959     59.623856  \n",
       "820     25.202815       33.922160  59.124974     0.991633     59.124974  \n",
       "\n",
       "[821 rows x 9 columns]"
      ]
     },
     "execution_count": 32,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "DCA"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 33,
   "id": "744fa278",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>SP500</th>\n",
       "      <th>returns-%-Monthly</th>\n",
       "      <th>total</th>\n",
       "      <th>returns</th>\n",
       "      <th>creturns</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>16.54</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>NaN</td>\n",
       "      <td>1.000000</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>16.88</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.020556</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>17.21</td>\n",
       "      <td>1.019550</td>\n",
       "      <td>1.040508</td>\n",
       "      <td>1.019550</td>\n",
       "      <td>1.040508</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>17.35</td>\n",
       "      <td>1.008135</td>\n",
       "      <td>1.048972</td>\n",
       "      <td>1.008135</td>\n",
       "      <td>1.048972</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>17.84</td>\n",
       "      <td>1.028242</td>\n",
       "      <td>1.078597</td>\n",
       "      <td>1.028242</td>\n",
       "      <td>1.078597</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>2664.34</td>\n",
       "      <td>1.027271</td>\n",
       "      <td>161.084643</td>\n",
       "      <td>1.027271</td>\n",
       "      <td>161.084643</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>2789.80</td>\n",
       "      <td>1.047089</td>\n",
       "      <td>168.669891</td>\n",
       "      <td>1.047089</td>\n",
       "      <td>168.669891</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>2705.16</td>\n",
       "      <td>0.969661</td>\n",
       "      <td>163.552600</td>\n",
       "      <td>0.969661</td>\n",
       "      <td>163.552600</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>2702.77</td>\n",
       "      <td>0.999117</td>\n",
       "      <td>163.408102</td>\n",
       "      <td>0.999117</td>\n",
       "      <td>163.408102</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>2642.19</td>\n",
       "      <td>0.977586</td>\n",
       "      <td>159.745466</td>\n",
       "      <td>0.977586</td>\n",
       "      <td>159.745466</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 6 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date    SP500  returns-%-Monthly       total   returns    creturns\n",
       "0   1949-12-01    16.54                NaN    1.000000       NaN    1.000000\n",
       "1   1950-01-01    16.88           1.020556    1.020556  1.020556    1.020556\n",
       "2   1950-02-01    17.21           1.019550    1.040508  1.019550    1.040508\n",
       "3   1950-03-01    17.35           1.008135    1.048972  1.008135    1.048972\n",
       "4   1950-04-01    17.84           1.028242    1.078597  1.028242    1.078597\n",
       "..         ...      ...                ...         ...       ...         ...\n",
       "816 2017-12-01  2664.34           1.027271  161.084643  1.027271  161.084643\n",
       "817 2018-01-01  2789.80           1.047089  168.669891  1.047089  168.669891\n",
       "818 2018-02-01  2705.16           0.969661  163.552600  0.969661  163.552600\n",
       "819 2018-03-01  2702.77           0.999117  163.408102  0.999117  163.408102\n",
       "820 2018-04-01  2642.19           0.977586  159.745466  0.977586  159.745466\n",
       "\n",
       "[821 rows x 6 columns]"
      ]
     },
     "execution_count": 33,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "spy"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "ec10a04c",
   "metadata": {},
   "source": [
    "### 2.1.1. Ploting Simple returns <a class=\"anchor\" id=\"sub_section_2_1_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 34,
   "id": "d52a64c4",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    }
   ],
   "source": [
    "plt.figure(figsize=(15,10))\n",
    "plt.hist(1-spy[\"returns\"], bins=30,color=\"b\",alpha=0.5)\n",
    "plt.hist(1-DCA[\"DCA_returns\"], bins=15,color=\"r\",alpha=0.5)\n",
    "\n",
    "\n",
    "plt.xlabel(\"Simple Monthly Returns\", fontsize=16)  \n",
    "plt.ylabel(\"Frequency\", fontsize=16)\n",
    "plt.title(\"DCA vs B&H For SP500 from \"+ start + \" to \" + end, fontsize = 20)\n",
    "labels = [\"Returns SP500 mean\",\"Returns DCA mean\",\"SP500 returns\",\"DCA returns\"]\n",
    "plt.axvline((1-spy[\"returns\"]).mean(), color='b', linestyle='dashed', linewidth=2)\n",
    "plt.axvline((1-DCA[\"DCA_returns\"]).mean(), color='r', linestyle='dashed', linewidth=2)\n",
    "plt.legend(labels)\n",
    "\n",
    "\n",
    "plt.show()"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "949e6ed0",
   "metadata": {},
   "source": [
    "## 2.1.2. Accumulation returns  <a class=\"anchor\" id=\"sub_section_2_1_2\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 35,
   "id": "1750560d",
   "metadata": {},
   "outputs": [],
   "source": [
    "acc = pd.DataFrame(index=spy.index)\n",
    "\n",
    "acc[\"creturns\"] = spy[\"creturns\"]\n",
    "acc[\"DCA_creturns\"] = DCA[\"DCA_creturns\"]\n",
    "acc.index = spy.Date"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 36,
   "id": "508036a7",
   "metadata": {},
   "outputs": [],
   "source": [
    "xticks = acc.index.year[range(0,len(acc),20)].values"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 37,
   "id": "c116dbd2",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    }
   ],
   "source": [
    "acc[[\"creturns\", \"DCA_creturns\"]].plot(figsize = (15,10), fontsize = 16, title = \"Returns DCA vs B&H For SP500 from \"+ start + \" to \" + end)\n",
    "\n",
    "pyplot.yscale('log')\n",
    "\n",
    "plt.legend(fontsize = 20, loc = \"upper left\")\n",
    "\n",
    "#plt.xticks(xticks,rotation = 90)\n",
    "\n",
    "plt.show()"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "ca95cad2",
   "metadata": {},
   "source": [
    "## 2.1.3. Drawdowns  <a class=\"anchor\" id=\"sub_section_2_1_3\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 38,
   "id": "899d3253",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy[\"cummax_BH\"] = spy.creturns.cummax()\n",
    "DCA[\"cummax_DCA\"] = DCA.DCA_creturns.cummax()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 39,
   "id": "75b4f669",
   "metadata": {},
   "outputs": [],
   "source": [
    "spy[\"drawndown_BH\"] = (spy[\"cummax_BH\"] - spy[\"creturns\"])/spy[\"cummax_BH\"]\n",
    "DCA[\"drawndown_DCA\"] = (DCA[\"cummax_DCA\"] - DCA[\"DCA_creturns\"])/DCA[\"cummax_DCA\"]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 40,
   "id": "a170a92c",
   "metadata": {},
   "outputs": [],
   "source": [
    "DD = pd.DataFrame(index=spy.index)\n",
    "\n",
    "DD[\"drawndown_BH\"] = spy[\"drawndown_BH\"]\n",
    "DD[\"drawndown_DCA\"] = DCA[\"drawndown_DCA\"]\n",
    "DD.index = spy.Date"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 41,
   "id": "f062d2d5",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    }
   ],
   "source": [
    "DD[[\"drawndown_BH\",\"drawndown_DCA\"]].dropna().plot(figsize = (15, 10), title = \"DrawDowns DCA vs B&H For SP500 from \"+ start + \" to \" + end, fontsize = 12)\n",
    "plt.rc('legend',fontsize=20) # using a size in points\n",
    "plt.show()"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "0a795225",
   "metadata": {},
   "source": [
    "## 2.2. Performance for a selected time range <a class=\"anchor\" id=\"section_2_2\"></a>"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "48597667",
   "metadata": {},
   "source": [
    "## 2.2.1. Examples  <a class=\"anchor\" id=\"sub_section_2_2_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 42,
   "id": "3a8a2583",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    }
   ],
   "source": [
    "#First Example\n",
    "start = \"1989-01-01\"\n",
    "end = \"2002-01-01\"\n",
    "sp500_functions.range_performance(df,start,end,net)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 43,
   "id": "bef70b5d",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    }
   ],
   "source": [
    "#Second Example\n",
    "start = \"1989-01-01\"\n",
    "end = \"1995-01-01\"\n",
    "sp500_functions.range_performance(df,start,end,net)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 65,
   "id": "2ad30896",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1080x720 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "#Third Example\n",
    "start = \"1998-01-01\"\n",
    "end = \"2004-01-01\"\n",
    "sp500_functions.range_performance(df,start,end,net)"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "4306593e",
   "metadata": {},
   "source": [
    "## 2.3. Simulations for different Time Frames <a class=\"anchor\" id=\"section_2_3\"></a>"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "3129da5e",
   "metadata": {},
   "source": [
    "There are different approachs for this experiment. In this case, It is going to be selected a random date and the range will be from that date to the next 5 years"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 45,
   "id": "cfdc476d",
   "metadata": {},
   "outputs": [],
   "source": [
    "#Constanst\n",
    "n=100 #Number of simulations\n",
    "net=1 #Net amount\n",
    "years = 1 #Years to run the simulation"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 46,
   "id": "b865c36b",
   "metadata": {
    "scrolled": true
   },
   "outputs": [],
   "source": [
    "perf = sp500_functions.simulations(df_simul,n,net,years)"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "a75a20f1",
   "metadata": {},
   "source": [
    "### 2.3.1 Profit Factor  <a class=\"anchor\" id=\"sub_section_2_3_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 47,
   "id": "e9e070c4",
   "metadata": {},
   "outputs": [],
   "source": [
    "import matplotlib.pyplot as plt\n",
    "import seaborn as sns"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 48,
   "id": "01dd715c",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {
      "needs_background": "light"
     },
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "PF = perf[[\"BH_PF\",\"DCA_PF\"]]\n",
    "for column in PF:\n",
    "    plt.figure(figsize=(20,3))\n",
    "    plt.title(\"Profit Factor of BH vs (DCA+Yield) simulating \"+ str(years) + \" years for \" + str(n) +\" simulations.\")\n",
    "    sns.boxplot(data=PF, x=column)\n",
    "    sns.set(font_scale=2)\n",
    "    plt.xlim(0, PF.max().max())\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "5bcc3bdd",
   "metadata": {},
   "source": [
    "### 2.3.2 Drawdown <a class=\"anchor\" id=\"sub_section_2_3_2\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 49,
   "id": "fe3b1251",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "DD = perf[[\"BH_Average_DD\",\"DCA_Average_DD\"]]\n",
    "for column in DD:\n",
    "        plt.figure(figsize=(20,3))\n",
    "        plt.title(\"Drawdown of BH vs DCA simulating \"+ str(years) + \" years for \" + str(n) +\" simulations.\")\n",
    "        sns.boxplot(data=DD, x=column)\n",
    "        sns.set(font_scale=2)\n",
    "        plt.xlim(0, DD.max().max())\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "25fd8302",
   "metadata": {},
   "source": [
    "### 2.3.3 Maximun Drawdown  <a class=\"anchor\" id=\"sub_section_2_3_3\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 50,
   "id": "74ca30bb",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    },
    {
     "data": {
      "image/png": "\n",
      "text/plain": [
       "<Figure size 1440x216 with 1 Axes>"
      ]
     },
     "metadata": {},
     "output_type": "display_data"
    }
   ],
   "source": [
    "MDD = perf[[\"BH_MDD\",\"DCA_MDD\"]]\n",
    "for column in MDD:\n",
    "        plt.figure(figsize=(20,3))\n",
    "        plt.title(\"Maximun Drawdown of BH_MDD vs DCA_MDD simulating \"+ str(years) + \" years for \" + str(n) +\" simulations.\")\n",
    "        sns.boxplot(data=MDD, x=column)\n",
    "        sns.set(font_scale=2)\n",
    "        plt.xlim(0, MDD.max().max())\n",
    "\n"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "2f67296b",
   "metadata": {},
   "source": [
    "# 3. The Best of Both Worlds: A study of Efficient Portfolios that mix DCA and buy and hold on S&P500 with treasuries yield. <a class=\"anchor\" id=\"chapter3\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 53,
   "id": "9a16d0e7",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>DCA_log_returns</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>0.001991</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>0.001988</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>0.002111</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>0.012644</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>0.021269</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>-0.012131</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>0.000958</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>-0.008402</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 2 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date  DCA_log_returns\n",
       "0   1949-12-01              NaN\n",
       "1   1950-01-01              NaN\n",
       "2   1950-02-01         0.001991\n",
       "3   1950-03-01         0.001988\n",
       "4   1950-04-01         0.002111\n",
       "..         ...              ...\n",
       "816 2017-12-01         0.012644\n",
       "817 2018-01-01         0.021269\n",
       "818 2018-02-01        -0.012131\n",
       "819 2018-03-01         0.000958\n",
       "820 2018-04-01        -0.008402\n",
       "\n",
       "[821 rows x 2 columns]"
      ]
     },
     "execution_count": 53,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "DCA_log = DCA[[\"Date\"]]\n",
    "DCA_log[\"DCA_log_returns\"] = np.log(DCA.DCA_creturns/DCA.DCA_creturns.shift(1))\n",
    "DCA_log"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 54,
   "id": "a7130e2c",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>BH_log_returns</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>0.020348</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>0.019361</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>0.008102</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>0.027851</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>0.026906</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>0.046014</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>-0.030809</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>-0.000884</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>-0.022669</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 2 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date  BH_log_returns\n",
       "0   1949-12-01             NaN\n",
       "1   1950-01-01        0.020348\n",
       "2   1950-02-01        0.019361\n",
       "3   1950-03-01        0.008102\n",
       "4   1950-04-01        0.027851\n",
       "..         ...             ...\n",
       "816 2017-12-01        0.026906\n",
       "817 2018-01-01        0.046014\n",
       "818 2018-02-01       -0.030809\n",
       "819 2018-03-01       -0.000884\n",
       "820 2018-04-01       -0.022669\n",
       "\n",
       "[821 rows x 2 columns]"
      ]
     },
     "execution_count": 54,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "spy_log = spy[[\"Date\"]]\n",
    "spy_log[\"BH_log_returns\"] = np.log(spy.creturns/spy.creturns.shift(1))\n",
    "spy_log"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 55,
   "id": "b835e02c",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>Date</th>\n",
       "      <th>BH</th>\n",
       "      <th>DCA</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>0</th>\n",
       "      <td>1949-12-01</td>\n",
       "      <td>1.000000</td>\n",
       "      <td>NaN</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>1</th>\n",
       "      <td>1950-01-01</td>\n",
       "      <td>1.020556</td>\n",
       "      <td>1.001956</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>2</th>\n",
       "      <td>1950-02-01</td>\n",
       "      <td>1.040508</td>\n",
       "      <td>1.003953</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>3</th>\n",
       "      <td>1950-03-01</td>\n",
       "      <td>1.048972</td>\n",
       "      <td>1.005951</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>4</th>\n",
       "      <td>1950-04-01</td>\n",
       "      <td>1.078597</td>\n",
       "      <td>1.008076</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>...</th>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "      <td>...</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>816</th>\n",
       "      <td>2017-12-01</td>\n",
       "      <td>161.084643</td>\n",
       "      <td>59.024914</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>817</th>\n",
       "      <td>2018-01-01</td>\n",
       "      <td>168.669891</td>\n",
       "      <td>60.293731</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>818</th>\n",
       "      <td>2018-02-01</td>\n",
       "      <td>163.552600</td>\n",
       "      <td>59.566743</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>819</th>\n",
       "      <td>2018-03-01</td>\n",
       "      <td>163.408102</td>\n",
       "      <td>59.623856</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>820</th>\n",
       "      <td>2018-04-01</td>\n",
       "      <td>159.745466</td>\n",
       "      <td>59.124974</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "<p>821 rows Ã� 3 columns</p>\n",
       "</div>"
      ],
      "text/plain": [
       "          Date          BH        DCA\n",
       "0   1949-12-01    1.000000        NaN\n",
       "1   1950-01-01    1.020556   1.001956\n",
       "2   1950-02-01    1.040508   1.003953\n",
       "3   1950-03-01    1.048972   1.005951\n",
       "4   1950-04-01    1.078597   1.008076\n",
       "..         ...         ...        ...\n",
       "816 2017-12-01  161.084643  59.024914\n",
       "817 2018-01-01  168.669891  60.293731\n",
       "818 2018-02-01  163.552600  59.566743\n",
       "819 2018-03-01  163.408102  59.623856\n",
       "820 2018-04-01  159.745466  59.124974\n",
       "\n",
       "[821 rows x 3 columns]"
      ]
     },
     "execution_count": 55,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "df_pivot = pd.DataFrame(index=spy.index)\n",
    "df_pivot[\"Date\"] = spy[\"Date\"]\n",
    "df_pivot[\"BH\"] = spy[\"creturns\"]\n",
    "df_pivot[\"DCA\"] = DCA[\"DCA_creturns\"]\n",
    "df_pivot"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "a90868f6",
   "metadata": {},
   "source": [
    "## 3.1. Historical Data <a class=\"anchor\" id=\"section_3_1\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 56,
   "id": "47347b9d",
   "metadata": {},
   "outputs": [],
   "source": [
    "# ef = EfficientFrontier(mu, S)\n",
    "# ef.max_sharpe()\n",
    "# weight_arr = ef.weights\n",
    "# ef.portfolio_performance(verbose=True);"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 57,
   "id": "8bca16eb",
   "metadata": {},
   "outputs": [],
   "source": [
    "summary = spy_log.describe().T.loc[:, [\"mean\", \"std\"]].T\n",
    "summary[\"DCA_log_returns\"] = DCA_log.describe().T.loc[:, [\"mean\", \"std\"]].T"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 58,
   "id": "6c4719c9",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>BH_log_returns</th>\n",
       "      <th>DCA_log_returns</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>mean</th>\n",
       "      <td>0.006187</td>\n",
       "      <td>0.004979</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>std</th>\n",
       "      <td>0.034555</td>\n",
       "      <td>0.009155</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "      BH_log_returns  DCA_log_returns\n",
       "mean        0.006187         0.004979\n",
       "std         0.034555         0.009155"
      ]
     },
     "execution_count": 58,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "summary"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 59,
   "id": "c5fa1811",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>mean</th>\n",
       "      <th>std</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>BH_log_returns</th>\n",
       "      <td>0.006187</td>\n",
       "      <td>0.034555</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>DCA_log_returns</th>\n",
       "      <td>0.004979</td>\n",
       "      <td>0.009155</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "                     mean       std\n",
       "BH_log_returns   0.006187  0.034555\n",
       "DCA_log_returns  0.004979  0.009155"
      ]
     },
     "execution_count": 59,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "summary = summary.T\n",
    "summary"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 60,
   "id": "95b9540a",
   "metadata": {},
   "outputs": [],
   "source": [
    "summary[\"mean\"] = summary[\"mean\"]\n",
    "summary[\"std\"] = summary[\"std\"]"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 61,
   "id": "a411a3c4",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/html": [
       "<div>\n",
       "<style scoped>\n",
       "    .dataframe tbody tr th:only-of-type {\n",
       "        vertical-align: middle;\n",
       "    }\n",
       "\n",
       "    .dataframe tbody tr th {\n",
       "        vertical-align: top;\n",
       "    }\n",
       "\n",
       "    .dataframe thead th {\n",
       "        text-align: right;\n",
       "    }\n",
       "</style>\n",
       "<table border=\"1\" class=\"dataframe\">\n",
       "  <thead>\n",
       "    <tr style=\"text-align: right;\">\n",
       "      <th></th>\n",
       "      <th>mean</th>\n",
       "      <th>std</th>\n",
       "    </tr>\n",
       "  </thead>\n",
       "  <tbody>\n",
       "    <tr>\n",
       "      <th>BH_log_returns</th>\n",
       "      <td>0.006187</td>\n",
       "      <td>0.034555</td>\n",
       "    </tr>\n",
       "    <tr>\n",
       "      <th>DCA_log_returns</th>\n",
       "      <td>0.004979</td>\n",
       "      <td>0.009155</td>\n",
       "    </tr>\n",
       "  </tbody>\n",
       "</table>\n",
       "</div>"
      ],
      "text/plain": [
       "                     mean       std\n",
       "BH_log_returns   0.006187  0.034555\n",
       "DCA_log_returns  0.004979  0.009155"
      ]
     },
     "execution_count": 61,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "summary"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 62,
   "id": "9ff14dde",
   "metadata": {},
   "outputs": [
    {
     "data": {
      "text/plain": [
       "0.009155015836231933"
      ]
     },
     "execution_count": 62,
     "metadata": {},
     "output_type": "execute_result"
    }
   ],
   "source": [
    "summary[\"std\"].min()"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 63,
   "id": "e7bae65c",
   "metadata": {
    "scrolled": false
   },
   "outputs": [],
   "source": [
    "# function_risk_return(summary)"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": 64,
   "id": "1dc9afdd",
   "metadata": {},
   "outputs": [],
   "source": [
    "# markowitz_border(summary)"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "66bef8ad",
   "metadata": {},
   "source": [
    "## 3.2. Last 40 years <a class=\"anchor\" id=\"section_3_2\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "84302def",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "15942418",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "ee3814fb",
   "metadata": {},
   "source": [
    "## 3.3. Last 20 years  <a class=\"anchor\" id=\"section_3_3\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "20542da5",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "e71d0904",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "5e3eda53",
   "metadata": {},
   "source": [
    "## 3.4. Last 10 years <a class=\"anchor\" id=\"section_3_4\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "9321db98",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "f97010be",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "a1032a0d",
   "metadata": {},
   "source": [
    "## 3.5. Last 5 years <a class=\"anchor\" id=\"section_3_5\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "c70a9e24",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "1bab8a22",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "markdown",
   "id": "b16cc8b4",
   "metadata": {},
   "source": [
    "<!-- ## Chapter 1 <a class=\"anchor\" id=\"chapter1\"></a>\n",
    "This is chapter number 1\n",
    "### Section 1.1 <a class=\"anchor\" id=\"section_1_1\"></a>\n",
    "This is section 1.1\n",
    "##### Section 1.1.1 <a class=\"anchor\" id=\"sub_section_1_1_1\"></a>\n",
    "This is sub section 1.1.1\n",
    "## Chapter 2 <a class=\"anchor\" id=\"chapter2\"></a>\n",
    "This is chapter number 2\n",
    "### Section 2.1 <a class=\"anchor\" id=\"section_2_1\"></a>\n",
    "This is section 2.1\n",
    "#### Section 2.1.1 <a class=\"anchor\" id=\"sub_section_2_1_1\"></a>\n",
    "This is sub section 2.1.1\n",
    "#### Section 2.1.2 <a class=\"anchor\" id=\"sub_section_2_1_2\"></a>\n",
    "This is sub section 2.1.2\n",
    "### Section 2.2 <a class=\"anchor\" id=\"section_2_2\"></a>\n",
    "This is section 2.2\n",
    "#### Section 2.2.1 <a class=\"anchor\" id=\"sub_section_2_2_1\"></a>\n",
    "This is sub section 2.2.1\n",
    "#### Section 2.2.2 <a class=\"anchor\" id=\"sub_section_2_2_2\"></a>\n",
    "This is sub section 2.2.2\n",
    "## Chapter 3 <a class=\"anchor\" id=\"chapter3\"></a>\n",
    "This is chapter number 3\n",
    "### Section 3.1 <a class=\"anchor\" id=\"section_3_1\"></a>\n",
    "This is section 3.1\n",
    "#### Section 3.1.1 <a class=\"anchor\" id=\"sub_section_3_1_1\"></a>\n",
    "This is sub section 3.1.1\n",
    "#### Section 3.1.2 <a class=\"anchor\" id=\"sub_section_3_1_2\"></a>\n",
    "This is sub section 3.1.2\n",
    "### Section 3.2 <a class=\"anchor\" id=\"section_3_2\"></a>\n",
    "This is section 3.2\n",
    "#### Section 3.2.1 <a class=\"anchor\" id=\"sub_section_3_2_1\"></a>\n",
    "This is sub section 3.2.1\n",
    "#### Section 3.2.2 <a class=\"anchor\" id=\"sub_section_3_2_2\"></a>\n",
    "This is sub section 3.2.2 -->"
   ]
  },
  {
   "cell_type": "markdown",
   "id": "49032ff5",
   "metadata": {},
   "source": [
    "# 4. Conclusion <a class=\"anchor\" id=\"chapter4\"></a>"
   ]
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "8acf9d96",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "98593b8e",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "732ae12a",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "8f36869c",
   "metadata": {},
   "outputs": [],
   "source": []
  },
  {
   "cell_type": "code",
   "execution_count": null,
   "id": "bab5d476",
   "metadata": {},
   "outputs": [],
   "source": []
  }
 ],
 "metadata": {
  "kernelspec": {
   "display_name": "Python 3 (ipykernel)",
   "language": "python",
   "name": "python3"
  },
  "language_info": {
   "codemirror_mode": {
    "name": "ipython",
    "version": 3
   },
   "file_extension": ".py",
   "mimetype": "text/x-python",
   "name": "python",
   "nbconvert_exporter": "python",
   "pygments_lexer": "ipython3",
   "version": "3.9.7"
  }
 },
 "nbformat": 4,
 "nbformat_minor": 5
}

